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MEXAHUKA

VIIK 531.1, 531.3, 681.5

VIIPABJIEHUE JIMHAMUNKON C YYETOM
CTABUJ/IN3AILIUN CBA3EN!

2013 H.B. A6pamos? P.I. Myxapiasamos®
y

[IpuBoasiTcst pe3ynabTAThl UCCAETOBAHUNM IO MOJEIMPOBAHUIO JUHAMHUKHU CJIOK-
HBIX CHCTEM, COJEPXKAIUX 3JEMEHTHI Pa3IudHON (PU3UIECKON TPUPOJIBI, perle-
HUIO 33729 JUHAMHUKH W YIPABJIEHUS TBEPIALIM TEIOM M POOOTOTEXHUIECKUMU
cucremamu. OnpeJensioTcss HeOOXOAMMbIE YCJIOBHUS YCTONYUBOCTYU PEIIEHUN ypaB-
HEHUU AUHAMUKU, W IIpeJjaraercss aJrOpUTM IIOCTPOEHUs YPaBHEHUIT BO3MYIIE-
HU CBsi3eil, TapaHTHUPYIOMNNA CTAOWIN3AIAI0 CBsi3eifl TIPU YHUCJIEHHOM PEITeHUN.
IIpu sToM ypaBHEHUS CBsI3€il ONMUCHIBAIOT HHTErpajbHOE MHOrooOpasme ypaBHe-
HUN JUHAMUKU MCXOJIHOM CUCTEMBI.

KirroueBbie cioBa: MeXaHWKa, IPOUPDAMMHBIE CBSI3H, PEAKIINs, YCTONIMBOCTD, UUC-
JICHHOE peIlieHne, CTAOUIN3aIlus, JUHAMUKA, ypPaBHEHUE, MOCTPOEHUE, CUCTEMA.

BBenenue

Amanornu Mexy NBUIKEHHEM MEXaHUIECKHX CHCTEM W JUHAMUKON CHCTEM, COIEp-
JKAIEH IEeKTPUIecKne, TTHEBMATHYECKAE U THAPABINIECKUE 3JIeMeHThI (1], mosBossoT
NPUMEHSATH METOABI KJIACCUYECKON MEXaHWKU JIJIs UCCJIEOBAHUS JIMHAMUYECKUX IPO-
neccos. B [2] jyig npoBejieHus IMHAMUYECKUX PACYETOB CHCTEM, COJEPKAINUX IJIEMEH-
THI Pa3JUIHON (DU3WYIECKO NPUPOIBI, BBOJAATCS yHUMDUIMPOBAHHBIE MEPEMEHHbIE, I10-
CPEJICTEOM KOTOPBIX UCIOJB3YIOTCH METOZBI U MOJIETH KJIACCUIeCKoi Mexanuku. B [3-5]
HCCIIETyeTCs] JMHAMUKA KUBBIX OPTAHU3MOB, MOJEINPYeMasl yPABHEHUSIMH MeXaHWKH,
U 1IpeJJIaraioTcst METO/ bl U aJI'OPUTMbI PEllleHus 3ajad ynpas/ienus. Tak, HalpuMmep,
JIBHKEHHUE CyCTaBa PacCMATPUBAETCH KAK CTEPXKEHb C MIAPHUPHLIM 3aKpEeIJIEHHEM U
ONHMCHIBAETCA yPABHEHUEM BPAIaTebHOTO JBUKEHUS TBEPJOro Tesla BOKPYT HEelOBUK-
HOlT ocwm: J dy

T (Jw)+m(p,w,t) =M, w= e

B [6] mokazaHo, 9TO ypaBHEHUSIMH MEXaHUKU

d dl dL\ dI 1
dt (Ldt) * (T dt) ate=M
1Pa6ora BeImonHeHa mpu duHaHCOBOH nommepxkke PODU, npoekr Ne 13-08-00535.
2A6pamos Huxomait Bacuibesna (abramoff@mail.ru), xadeapa ecTeCTBEHHOHAYUHBIX ACITATLIAH
dunnasia TromeHCKOro rocyapcTBeHHOTo HedTerazoBoro ynmBepcurera, 628600, Poccuiickass Pepme-
pauusi, r. HmxueBaprosck, yi. Jlenuna, 5.
3Myxapisimos PoGepr Tapabiesny (robgar@mail.ru), kadenpa Teopermueckoi MexaHuku Poc-
CHUCKOIO YHHBEPCHUTETa APY>KObI Hapomos, 117198, Poccumiickasi Penepamusz, r. Mocksa, yi. Mun-
Kiayxo-Maxkiiast, 6.




68 H.B. Ab6pamos, P.I. Myzapaamos

MOXKeT OBITH OIMCAH IIPOLECC IO3HAHMA, ecjau Iox Beamuudamu L, G, 7, u I 1moHu-
MaTh TApaMeTPbl, XapaKTEPHU3YIOIIHne WHTE/JIEKTya dbHble CBOMCTBA CyObekTa IOo3Ha-
HUusA, U 00beM HHMOPMAIUNU.

B [7-9] upemaraercst BOIPOCHI IPEJCTABIEHHsI IIPOIIECCOB B SKOHOMUKE DPacCMart-
pUBATH IOCPEJCTBOM JIUHAMUYECKHUX MOJIEjIeil, COOTBETCTBYIOIINX MEXaHUKE CHCTEM C
nepemennoit maccoii [10]. PaGorel mo munaMuke cucreM ¢ IEpeMEHHONH Maccoil ObLin
Pa3BUTHI 0 CO3AHNS HOBOTO HAIIPABJIEHUS, CBSI3AHHOTO C YIIPABJICHHEM TPOTPAMMHBIM
JIBIDKEHNEeM U o0paTHbIMU 3amadamu quHamukn [11]. Mertonsl anaauTmaeckoil muHaMu-
KI CHCTEM C TIePEMEHHOH Maccoi [12] mo3BOJIAIOT MCCIIeOBATE 38/[aUN MOJIEINPOBAHMSI
U yIpaBJIeHUsl JUHAMUKON IIPOM3BOJICTBEHHBIX cucTeM [13; 14].

B macrosimieit pabore mnpejjiaraercsi MeTo ], IIOCTPOEHUsI MaTeMAaTHIECKON MOoe/n
JIMHAMUYIECKON CHCTEMbI, UCIOJIB3YEeMOI JJIsi PElleHus 3aa9i YIPABIEHUS CJIOXKHBIMU
CHCTEMAMHU C y9IeTOM CTAOUIM3AINK CBSI3€i.

1. TIlocTpoeHme AMHAMWYECKOIl MOJEJIN CUCTEMBI,
cojiep2kalieil 3JieMeHTbl pa3JndHoil (pu3miecKoin

MIPUPOABI
1.1. VYuaudunupoBaHHbII HAOOpP MepeMeHHBIX

YaudunupoBaHHblii METOJ MOAEJIUPOBaHUs (DU3MIECKUX CUCTEM OCHOBBLIBAETCS Ha
dyHIaAMEHTABHBIX IPOECCaX, JIEKAIIUX B OCHOBE JIMHAMHUYECKOIO IOBEJIEHUS CUCTE-
MbI: XPAHEHUH, [epelad U IPeobpa30BaHUM YHEPIUM MEXKJY KOMIIOHEHTAMH CHUCTEMBI,
a TakyKe MeXKJIy CUCTeMOil u BHernHeil cpejoii. CucreMa, coiep:Kallas JEeMEHThl pas3-
JIUIHON (DUBMYIECKON IIPUPOJBI, MOMKET OBITH PACCMOTPEHA KaK HEKOTOPas YIPABJIsi-
eMas CUCTeMa, NPEIHA3HAYEHHAZ I CUCTEMATUIECKOrO OIUCAHUS, XPAHCHU, IIEPe-
Jaud U 1peobpa3’0BaHUs MOIIHOCTH W SHEPruu B (DU3MYECKUX CUCTEMAX.

B [2] ynomunatorcs uaen Ilaiinrepa [15], Ipe/IoKUBIIEro JJIst OMUCAHUS JTHHAMITIC-
CKUX IPOLECCOB YHUMDUIUPOBAHHOE MHOXKECTBO IIEPEMEHHBIX: YCHJIUE, I0TOK, MOMEHT U
cMernenue. [lepas napa mepeMeHHBIX B yHUDUIMPOBAHHOM Habope — 310 ycuiue e(t)
u norok f(t), mpeacrapistonme (hUMIECKne BEJIUUUHBL, YIOBIETBODPSIONIIE TOCTYIIa~
Ty: MOIIHOCTH Pj(t) j-TOro KOMIOHEHTa B CHCTEME SIBJISCTCS [IPOM3BEICHUEM yCHUJIUS
e;(t) n moroka f;(t), u cymmapmas momuocTs P(f) cumcTeMbl B MOMEHT BpEMEHH t
CKJIQJBIBAETCS M3 MOIIHOCTEHl KOMIIOHEHTOB:

P(t) = Z Pi(t) = Zej(t)fj(t). (1.1)

Bropasi mapa nepeMeHHbIX B yHUMDUIUPOBAHHOM HAOOpE IpecTaBser MOMeHT p(t)
u cmemenne ¢(t), U3BECTHBIE TAaK K€, KAK W IHEPIETUYECKUE [EPEMEHHBIE, IIOTOMY
9TO KUHETHYIECKasl dHEPIUsi HAXOAUTCH B (DYHKITMOHAJIHHON 3aBUCHMOCTH OT MOMEHTA,
a MOTEeHIMAJbHAS SHEPIus B (PYHKIMOHAIBLHON 3aBHCHUMOCTH OT CMEIIECHUS.

o) = [ ety (1.2)

a(t) = / f(t)dt. (1.3)

B rtabmuie oTparkeHbl MEXKIUCIUILIMHAPHBIE CBA3W B YHUMDUIMPOBAHHOM Habope
IIePEMEHHBIX.
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TabJmiia
MexkAuCHUATIIINHPHBbIE CBSI3U
Ycunue e ITorok f Cwmerenue g MowmenT p
Cuna F Cxopocthb v [Tonoxkenune x | Ummyase p
Kpyrsmmuii YrioBas Yroa ¢ Mowment
MOMEHT T CKOPOCTb W uMmiyabca H
Hampsikenue e Toxk 1 Bapsy ¢ ITorok A
Hasienne P Ob6bemuas Ob6bem V Nvmynse
CKOpOCTb () naByienust Pp
Temmneparypa T' Ckopoctb Qurponus S (OrcyrerByer)
suTpornn S
MruoBeHnHas MomuocTs O6bem Hzmenenne
dOHIOEMKOCTD M, | TIPEAIPUITHS v | MPOAYKIMKA & | (POHIOB W

1.2. IlocTrpoeHue quHaAMUYECKO MOAeu

PaccmoTpum yripaBiaseMyio CHUCTEMY, COAEPKAIIYIO 3JEMEHTHI Pa3IudHON (pusmde-
ckoii mpupozel. IlycThb a30Boe COCTOsSIHWE CHCTEMBI ONPEIEsieTCs OOODIEHHBIMU KO-

; ; i
opauHaTaMu ¢ u OOOOIIEHHBIMU CKOPOCTIMU v/ = ddit, i,7 =1,2,...,n. Ha cucremy
HAJIOZKEHBI CBA3U, 33JIAHHBIE YPABHEHUSIMU:
—n (i _ —-n (4 .7 _
f” (Q7t)_07 fp (q,vj,t)—O, (]-4)

p=n+1l....n4+m, p=n+m+1,...;.n+m-+r.

JleBble wacru pasencts (1.4) sBisoTCs HenpepblBHBIMU JuddepeHnupyeMbIMu
@yHKI_[I/IEH\II/I IO BCEeM II€pEMEHHBbIM. EC.HI/I N3BECTHBI JlaI'PaH2KHWaH CHCTEMbI LO =
=11 (q’l7 v, t), muccunaTusHas Gyuxmus D0 = DY (qi, v, t) U HE[OTEHINAJIbHbIE 0600~
meHHble Cubl Qp = Qk (qi,vj,t), k=1,2,...,n, geiicTBylonye Ha Hee, TO [PU HUJe-
AJIBHBIX CBS3SX JIMHAMUKA CHCTEMBI OIMCHIBAETCS ypaBHEHWsMU Jlarpamixka

K
= — _ =Qi— — ; 1.
a0 at \ovi @ A (15)

d¢' . d (9L°) 9L oD"
aq i

k=1,2,....m+r,

COJIePIKAIIME  HEOIpe IeJIeHHble MHOXKUTEIN A.. B paseHcrsax (1.5), Kak u BCIOLY B
JIaJIbHERIIIEM, IIPEJIIIOJIaraeTcs CyMMUPOBAHUE 110 OJUHAKOBBIM WHJIIEKCAM ¥ HCIIOJIb30-
BaHbl OOO3HAYCHUA
—n —n
pn—n __ 8f,u p—n __ 8fp
gpi - aq’ 9 901' - avi .

1.3. VYmnpasiieHne AMHAMHUKOI PacCHIMPEHHOU CHCTEMBbI

C 1esbio CTabMIN3ANNN CBsi3eil JIJIs MCCJeJOBAHUs TOBEJICHUs DEIIEHUil CUCTEMbI
(1.5) mo orHomeruo K ypaBHeHusM (1.4) BBemeM mapamerpsl ¢h, v*, v”, oneHnBarOmUe
OTKJIOHEHWsI OT YpaBHEHUIl CBsi3eii, M3MEHEHWE KOTOPBIX OIPEJIEsISeTCsl JOMOTHUTE b=
HBIMU YTIPaBJAIOMUMI cuiaMu. PaccmarpuBas mapamerpnl ¢, vH, v” Kak JONOJIHH-
TelbHbIe 'N30BITOYHBIE” KOODJWHATHI, 3aMEHUM HCXOIHYIO CHCTEMY DACIIUPEHHON Cu-
cremoii, (ha30BOe COCTOSHIE KOTODOIl OIpeNessercs OGOOIIEHHBIME KOOPIHHATAMA ¢,
g" 1 0BODIIEHHBIME CKOPOCTAMHU v°, v, vP, yIOBJIETBOPSIONIIMH ypPaBHEHUSIM CBsi3€il
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¢ 1 (1) =0, (16)

oM — @f_"vi —fF" =0, o —fr" (qi,vj7t) =0. (1.7)

Jlarpamxkuan L u auccunaruHasg GyHKIUA [ pacIMPEHHON CHUCTEMbBI OIpeIesis-

0TCsT KakK (DyHKIUU 0000OMEHHbIX KoopauHaT ¢, o = 1,...,m + m, ODOOIIEHHBIX CKO-

pocreit v7, v = 1,..,n+m +r, u Bpemenu t: L = L(q% v7,t), D = D (¢%v",t)

u BBIOMpaloTca Tak, 4rodnl mpu ¢M = 0, v = 0, v’ = (0 BBIIOJHAINCH DPABEHCTBA

L (g% v, t) = L° (ql,vj,t), D (¢%,v7,t) = D° (qz,vj,t). Hauanbuble yciioBust yioBJIe-
TBOPAIOT COOHOLICHUSAM

q" (to) = qb, v (to) =vh, v° (to) =}, (1.8)

= f"7" (g6, to) |
ol = " (ahoto) vh + ST (dhyto) o6 = S7 (ab vl to) -

JlunaMuKa pacHIMpPEHHONH CHCTEMBI OIHMCHIBAETCH yPaBHEHHUAMHU

dq . d (0L oL oD
=", — - — — =Q; — — + A\, 1.9
a0 dt (81}’) oq’ @ o' A (1.9)
dg* , d (0L oL oD
ag” _ e e T 1.10
at 0 dt (81}“) gt dur’ (1.10)
d (0L oD
— | — | =—= 1.11
dt <8vP> ovP (L11)
IIpencrasum dyuknuun L, D paBeHCTBaMU:
L=T-P, 2T =2T°+mp (¢*) v’ 27°=my; (¢") v, (1.12)
2P =2P° (¢, 1) + kuw (¢',t) ¢"¢”, (1.13)
2D = 2D° (¢',v7,t) + cpo (', 1) 0", (1.14)
v=n+1l,...,n+m, nld=n+1....n+m+r,
rue T (¢%,v",t) — kuHermueckas sueprust, P (¢, v7Y,t) — noTeHIUAIbHAS SHEPIHS.

Bynem mpemnosaraTh, 9T0 KOIMDMOUIUEHTEL M5, Myg, Ky, Cro M BCe UX TYaCTHBIE IPO-
U3BOJIHBIE OIPAHMYEHBI B objiacTu {) M3MeHeHus repeMeHHbIX ¢', v’ u npu Beex t = t.

BoipakeHusi i MHOXKUTeJell A, oupenensitorcs, ecan ypaprenust (1.9), (1.10),
(1.11) npezscraBuTh B BHIE, PA3PENIEHHOM OTHOCUTEILHO IPOU3BOHBIX dd%. YuaursiBasd

Beipaxkenus (1.12)—(1.14), samumem ypasruenns (1.9)—(1.11) B Buge cucTeMBI

dg” ko dg" I
Y4 — 4 =y
dt ’ dt )
dv” __ 5\ (2) dv’® _ k o b (4 (115)
Mik g = M + Q5 Aw My, Mpe =g = —Kpug" — Opev”,

rjae

0 0
mz‘ZQz‘—%jkvjvk—PQ—DQ, P.O:aP_, Q:aD_’
P 7 7 [ an i 3(11

1 (8mij amki amjk)

Oqk + oq? Oq*

(2) _ 1 am’r}@ _ acne n,.0 o akuy wov
m; _2<(8qi (‘Mi)vv 8qiqq )

om 0
bng = TQZU + Cno, k‘pl, = kyp =0.

Yi,jk = 5
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ki 0

Ob6o3zHaunB (m ) u (m ”) MAaTpHIBI, oOpaTHBIe K MaTpuuaM (mg;) # (Mgy,) CO-
OTBETCTBEHHO, NPEJICTaBUM cucTeMy ypapHeHuit (1.15) B Bue, paspemeHHOM OTHOCH-
TEJbHO CTAPINIUX MTPOU3BOIHBIX

dd® _ & dg"

— ph
a — UV g T U (1.16)
A .
d;)t —mk + @kﬁ/\ﬁ —I—mk@), d;: _ k_ﬁqu + bg’Ue,
mk = m*im,, cpim _ mkicpf;’mk@) _ mkim§2)7
by = —m"bag, k]l =-m"ke,, a=n+1,....n+m+r.

1.4. Ompenesienne ynpaBJsIONINX BO3AelicTBUIl

st cocTaBieHUsT TPaBBIX YacCTell ypaBHEHWE JUMHAMUKH 3aIaHHOi cucrembr (1.9)

OCTaeTCsl ONpPeJICUTh BbIPaXKeHHsl MHOXKHTENel A\, depe3 000OIIeHHbIe KOOPJAUHATHL ¢
u obobmennbie ckopocru v*. Ipomuddepennuposas pasencrsa (1.7):

dv" dv*

. h
a f o T
82]('/,1,771 L anufn ) apr,fn
huin = — Ll 2 n ¢
agog " T agar U T o
B afr—m . afem
hPT — i %
o U ot

i
U 3aMEHUB BbIPAXKEHUS % [IPaBbIMU YaCTSMHU COOTBETCTBYIOIINX yPaBHEHUIN CHCTEMBI
(1.16), mosryuum CJIEAYIONLYI0 CHCTEMY YPABHEHMI JJIg OLPEIEIeHUs MHOXKUTENEH A :

s"0Ng = kg + b — fm — R i) P = oF i, (1.17)
n—n==xr, B=L12....m+r.

Pemenne cucremst (1.17) MOXKHO HPEICTABATH CyMMOi

A =AY + a0 + AP, (1.18)
)\(ﬁO) = —5p, (Lpfmi + hn—&-n) ;
/\531) = Sps (kLernqu + bg+n1}0) ,
)\gz) _ Sﬁnwfmi@),
I7ie Sgx — MATpHIA, oOpaTHad K MaTpHIE s"P . TlojcTaBsiss MOIyYeHHOE BHIPAZKEHIIE

(1.18) B ypaBuenus (1.16), mosyuum cucremy guddepeHnnaabHbIX ypaBHEHU

dg* AP s 0 (), (@)
L=k, So=mbg (A +28 + 28, (1.19)
dgt , do* , wg v’ 00
=t o =k = =t 1.2
o vH, o klg” + bv”, o b (1.20)

Eciun naganbable 3HadeHMSs qé,vg yaoBaerBopsaioT yciaoBusam (1.11), To cucrema
ypasuenuit (1.20) nonyckaer TpuBuasbHoe pemenue g¢ =0, v =0, v» =0, u cu-
crema (1.19) Moxker ObITh 3alKMCaHA B CJELYIONIEM BHJIE:

k k
ddit =", ddit =mF + gokﬂ)\(ﬁo). (1.21)

Pemenne cucremsr (1.21) mpu COOTBETCTBYIOMIMX HAYAJBHBIX YCJIOBUSIX YJOBJIETBO-
pser ypapHenusaM cBazeil (1.4). Ecim ke HauanbHbBlE 3HAMEHUS (), V) COOTBETCTBYIOT
pasercrsam (1.8), To nosegenme pemteHnii cucremsl (1.19) 3aBucuT OT pereHUii CHCTe-
MBI ypasreruit (1.20).
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2. Crabunmnsanusi cBda3eil

2.1. @PopmyaumpoBKa 33aa9u

Pemenme cucremnb ypasuenmit (1.19), (1.20) ¢* = ¢' (t), v' = v (t), ¢* = ¢* (1),
VTR = 9" TR ()] cooTBeTCTBYIONIEE HAYATBHBIM yctosusaM (1.8) ynoBieTsopsger ypas-
HenusiM cBsizeil (1.6), (1.7). Dro osmavaer, uro ypasHenusi (1.19), B mpaBbIX dYacTsx
KOTOPBIX TlepeMeHHble ¢, v " BhIpakeHbl depes das3oBble KOOPAMHATHI ¢, v' MCXOJ-
HOIT cucreMbl, onuchiBaior ee jguHamuky. Cucrema ypasmenuit (1.20) gomyckaer Tpu-
BuajbHOEe pemenne gt = 0, v™TF = 0, coorsercrByiolee ypaBHeHusM cBazeit (1.4).
Boibopom npasbix uacreil ypaBaenuil cucreMbl (1.20), KOTOpBbIE OLDPEIEJISIOTCH COOT-
BETCTBYIONIUMU COCTABJISIONIMMI KUHETHYECKOU dHeprun 1' (qi,vj,q”, v”"‘ﬁt) U JUCCU-
naTuBHON yHKIMNU D (qi,vj ,q”,v""'”,t) pacIIupeHHO CcUCTeMBbI, MOYXKHO YIIPaBJIATb
M3MEHEeHHeM BO BpPEMEHH BO3MyIeHumii cszeit ¢ = gM (t), v"TF = v"* (¢). Cnara-
embre P8 ()\g) —l—)\(;)) B IPaBBIX 4acTAX ypapHeHuWil cucrembl (1.19) mpencrasisior
co0OIi JIOTIOSTHUTEJIbHBIE CHUJIBI, JIEHCTBYIOIINE HA MCXOJHYIO CHCTEMY B COOTBETCTBHH C
3aKOHOM W3MeHeHUsl IlepeMeHHbIX ¢F = ¢H (t), " = ¢" (¢).

Js1 yOpOIeHns MOCIeRYIONINX PACCYXKIEHUN IIPeICTABUM yPaBHEHHUS JWHAMUKI
(1.19), (1.20), ypasuenust cBsizeit (1.6), (1.7) u magambHble yciaoBus (1.8), coorser-
CTBYIOIME DACIIMPEHHON CHCTEME B MATPUYIHOM BHUJIE:

%:X(x,t)JrW(x,t)erX(?), (2.1)
dy
y—4g (wv t) =0, (23)

x (to) = z0, ¥ (to) = vo,

+k k

_ 1 2n k_ k _..n _
ac—(:v,...,x ), ¥ =q",x =",

Xk _ ’Uk, Xn—i—k _ mk _ @kﬁsﬁn ((mel + hn—i—n) ,
2m+r) n-‘rm.

y=(y" .y yrt =gk, Yyt =

Marpumer W, A kosbdunuentos ypasmennii (2.1), (2.2) u sexrop X2 onpemens-
10TCsl cocrasistiomuMn ypasrenuit (1.6), (1.7), (1.19), (1.20):

Wll(x,t) ng(.T,t)
W(x’t) - ( Wzl(l',t) WQQ(.’E,t)

War = (wnJri,,u)a Wag = (wn+i,m+n) ,

) 5 Wll = (wiu)7 W12 - (wi,m—i-ﬁ))

Wiy, = Oa Wi m+k = Oa
Wn+i,u = 5ik90kﬂsﬁnkz+na Wn+im+r = 5ik@kﬁsﬁcbz+<;
b = 0, Z#k‘, 6ii =1, (=12,....m+n,
X2 — (x(m, _”,z<2>2n) @k =, gDk o gk rpi(2),
g =T (), g =l T T,
g7n+p—n _ f-p—n (qi,’l)j,t) ,

0 Aqo 0
A= Ay Ay A |,
0 Az Asz
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. 1
Aqo = diag (v"+ ,...,v"+m) ,

m4pu—n m4tpu—n
A21 = (a K ) , a K = k/’l/f,

Vvr—nm rvr—m
Agy = (apT070) . amilTy = b,
Agg = (amib=n) amip=n =bh,
Asy = (aﬁil:ﬁ) , aﬁil:z =b, T=n+m+1,.,n+m+r,
Asz = (an;20), ami;—n =1b.

VYpasuenue (2.1) npu y =0 npuHHMaeT BuJ

dx
E —X(.T,t),

gTo coorBercTByeT cucreme (1.21), m clupaBeIMBO PaBEHCTBO

GX+gt:0,

[ 0g° (097 _ _
G(W)’ gt(@t)’ c=1,...2m+r, 1l=1..,2n.

2.2. HeobxomuMoe ycJjioBU€ CTAOMJIN3AIUN CBsi3€eil

st obecrievennst cTabuim3ainnuu CBs3ei HeOOXOIUMO, ITOOBI pellieHne ypaBHEHUit
JIUHAMUKH 3aMKHYTOI CHCTEMbI OBbLIO aCUMITOTHYECKHM YCTOWYMBO IO OTHONICHHIO K
YDABHEHUSIM CBsi3ell MCXOIHON CHCTEMBI. YCTONUMBOCTD [0 OTHOIIEHWIO K yDABHEHUSIM
cBg3ell OyJieM HOHUMATL B CMBICJIE CJIEIYIONIUX ONPeJIeJICHUA.

Ounpenesenne 1. /IBukenue, COOTBETCTBYIONIEE PENIEHUIO CUCTEMbI yDaBHEHUI
(1.19), ycroiiumBo 1O OTHOIIEHMIO K ypaBHeHHsIM cBsideil (1.4), ecam mas soboro e
CyIecTByeT Takoe §, UTO TIPH JIIOOBIX HAuaJbHBIX ycioBusx ¢ (tg) = qb, v’ (tg) =
= ), ynosnersopsromux mepasencrsam ||y (to)|| < 0, |yll> = yTy, upn Beex t > tg
BBINIOJIHsIETCsT HepaseHeTBO ||y (1)]| < e.

Onpenesienne 2. JIBrkeHne, COOTBETCTBYIONIEE DEIIEHUIO CHCTEMbI ypPABHEHMIT
(1.19), acuMOTOTHYECKH YCTOHYMBO [O OTHONIEHWIO K ypaBHeHHsiM cBuzeil (1.4), ec-
JIL OHO yCTOWYMBO W BBIIOJIHSIETCSI YCJIOBHUE tlggo lly ()] = 0.

Onpenenenne 3. JIBurKeHue, COOTBETCTBYIONIEE PENIEHUIO CUCTEMBI yPaBHEHUI
(1.19), 9KCHOHEHIUATIBHO YCTOWIMBO 10 OTHOIIEHHIO K ypaBHeHUsiM cBszeil (1.4), ecam
omo ycroiunso u Buimosmsiercs yeiaosne ||y < ||lyof e*® ), a < 0.

VeTOMUMBOCTD M aCHMIITOTHYECKAs YCTONYMBOCTL PeIleHuil cucreM auddepeHu-
aJbHBIX ypaBHeHuii quHamuku (2.1) 1o orHomeHuio K ypaBHeHusM cBs3eii (1.4) upu-
MEHWUTEJIbHO K cucreMe ypasHeHmit (2.1), (2.2) cooTBETCTByeT yCTOWYMBOCTH 1O YACTH
nepemensbix [16]. Vccuenosanue yeroiffunBoctn npoBoauTcs MeTonoM (byHKmit Jlsimy-
HoBa [17]. Vcrosb3ysi COOTBETCTBYIOIMI KPUTEPHUii [IPK ONPEJIeIeHNH BbIPArKeHUN K-
HETUYECKON SHEPIuU ¥ JUCCUNATUBHON (byHKIMU pacmupeHHoi cucrembr (2.1), (2.2),
OT KOTODBIX 3aBUCUT NpaBasl IaCTh yPABHEHWs BOZMYINEHWI cBsazeil (2.2), MoxKHO 06ec-
[EYUTh ACHMITOTHYECKYIO HJIM SKCHOHEHIUAIBHYIO YCTONINBOCTD TPUBUAILHOTO PEIIe-
uust y = 0 ypaBrenust (2.2). JlocTaTouHble YCJIOBHsI SKCIOHEHIIMAIBHON yCTONINBOCTH
dopMyIUpyIOTCS CIIeAYIOmEe TeOPEMOii.

Teopema 1. Ecim A = —K 'L, marpuna L = L (z,t) u nocrosunas marpuna K
ABJIAIOTCA CHMMETPUYHBIMH, OIPEICJICHHO-TIOOKATEILHBIMA U YIOBJIETBOPSAIOT YCJIO-
BUAM

1. ||L(z,t)|| = Ao >0,
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2. k1 < | K| < ko,

TO ypaBHeHHe (2.2) MMeeT SKCIOHEHIMAJBHO YCTONUNBOE TpUBHaIbHOe perenue y = 0.

CocrauMm dyuknumio JIsmyHoBa B BuJE HOJOKHUTEIHHO OIIPEJIETICHHON KB IPATHYI-
HOiT (hOpMBI ¢ HOcTOsIHHON Marpuiein kodddumuentos K: 2V =y’ Ky. IIpoussomunas
dyukuun V', BblunciieHHast B cuily cucreMbl ypasaenuil (2.1), (2.2), aBisercs oupeie-
JIEHHO-OTPHUIIATE/ILHON KBAIPATUIHON (HOPMONl OTHOCUTETHHO COCTABJAIONINX BEKTOPA
y: V= —yTL (2,t)y. Ouenum Besmauny mpomssoHol dynknuu JlsmyHosa

V=—y"L(z,t)y < —Xoyl* (2.5)

s nmepasenctsa (2.5) ¢ yderom omemnku ky lyll* < yTKy < ko |yl crenyer, uro
V<aV, a=—2X\/ky wm V < Vye*(t=), Cuenosaremnso,

Iyl* < 2V/k1 < 2Vpe™t 710 /ey < (ka/ky) [lyol|* e 0.

3akJro4eHue

s perieHust 3aa9u CTaOMIN3AIANA CBsi3eil CTPOUTCS PACIIUPEHHAS CUCTEMA, [03-
BOJIAIONIAA YYUTHIBATH BO3MOKHBIE OTKJIOHEHUHA OT ypaBHEHUI CBA3€il IIPU OTKJIOHE-
HUW HAYAJbHBIX JAHHBIX OT ypaBHeHuit csaseil. [locTpoenme ypaBHeHMit BO3MYIIEHMH
CBsI3eil MO3BOJISIET ODECIEYUTH HEOOXOAMMOE YCJIOBHE CTaOWIU3AINU CBS3€H — acuMII-
TOTUYIECKYIO YCTOWYIMBOCTDL TPUBHAJLHOTO pemnienus. [Ipu 3ToM ypaBHeHUsT CBsA3el OIu-
CBIBAIOT WHTEIPAJbHOE MHOIO0O0Opa3ue ypaBHEHWIl JTUHAMHUKH WCXOIHOI CHUCTEMBI.
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DYNAMICS CONTROL AND CONSTRAINT
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Results of researchers on dynamics modeling of the systems containing
different physical elements are proposed. The construction method of the
physical systems dynamics equations, providing constraints stabilization, is
discussed. The problem of corresponding constraints reactions or determination
of control actions is reduced to the construction of the system of differential
equations, assuming that the partial integrals are given. The conditions
of asymptotic stability and exponential stability an integral manifold’s
corresponding constraint equations are defined.
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