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NCCJIEAOBAHUE KPUTUYECKUX SBJIEHUN
B MOAEJIN SJIEKTPOXVMMUWYECKOI'O PEAKTOPA

© 2013 H.M. ®upcrosal

Crarbsi MOCBSIIEHA MCCJIEIOBAHUIO MOJETH 3JIEKTPOXUMUIECKOTO PEAKTOPa Me-
TOHAMHI TEOPUHU CHHIYJIAPHBIX BO3MYIIEHHN H YHUCIEHHBIMH MeTolaMu. l3ydeHo
MOBEJIEHNE PEIIEHUN CHCTEMBbI B 3aBUCUMOCTH OT 3HAYEHUH I[IaPaMETpPOB, pac-
CMOTpEeHa BO3MOXKHOCTL Omdypkarnun AnjipoHosa-Xorida W SIBIEHUsT ’yTOYHOTO
B3pLIBA”.

Kiito4deBble cjoBa: CHHIYJISIPDHO BO3MYIICHHAS CHCTCMA, PCJIAKCAIMOHHBIC KOJchHa-
Hus, oudypkaus Anjgponosa-Xoida, (pasoBBI HOPTPET, TPAEKTOPUU-YTKH.

1. IlocranoBka 3ajaum

Peaknust Komnepa-Cirynrepa (KC peakrust) — 370 peaknusi, oTBevafolias KWHETH-
9CCKOl cxeMe (HCIOb3YCM CHMBOJIBI, BBCIACHHBIC apropamu [1]). Moxesns yunrbiBacT
BelecTBo, obo3Hataenoe X, Koropoe JuddyHIupyer K 3JeKTPOoJLy, 1€ OHO 110CJIe 0~
BATEJILHO aJICOPOUPYET U 3JIeKTPOXUMUIECKH OKUCIAETCsi (BCe MPOIECChl MIPOTEKAT €
KOHEYHBIMU CKOPOCTSIMH )

D/s ko ke _
Xb'u,lk, — Xsm" ‘:\kd Xa,ds — P + ne )

rme D — kosdpdunuent guddysun X, § — rommmHa auddysuoro caoss Heprera,
ko, ke, kg — KOHCTAHTbI CKOPOCTU aJICOPOLMM, JecOPOLMU U 1I€PEHOCA JIeKTPOHA, CO-
OTBeTCTBeHHO. [lpenmosaraercs, 4To MPOIYKT OKUCACHHS P He aIcopOupyercs W He
IIOKHUJAET OKPECTHOCTH PEAKIIMOHHON ITOBEPXHOCTH.

Maremarudeckass MOIEIb 3JIEKTPOXMMHYECKOIO PEAKTOpa B 0e3pasMEpPHOM BUIE
MIPEJICTABIAET COOOM CHUHIYJIAPHO BO3MYIIEHHYIO cucTeMy audpepeHImanibHbIX ypaB-
I1EIIMiA:

% = —ko"®Pu(1 = 0) + kge 20 +1 —u = f(u,0), (1.1)
ﬁ% = ko 20u(1 — 0) — kqe 7920 — ke IO = g(u.6). (1.2)

Ilepemennas u — 3To 6e3pa3MepHasl KOHIEHTPAIlds BEIECTBa X IO MTOBEPXHOCTH
(moBepXHOCTHAST KOHICHTPanus), S — GeapasMcepHas OObLCMHAS KOHICHTDAIS BCITC-
crBa X. Bespasmepnaa iepemenHag 6 orparkaer KOJIUUECTBO aJCcOPOMPOBAHHOIO HAa,
MMOBEPXHOCTH SJIEKTPOJIa BEIEeCTBa X.

1<1>HpCTOBa Haranbs Muxaiiopna (firstova.natalia@yandex.ru), kadenpa TexHmHUecKkoii kubep-
neruku CaMapCKOro TOCYZapCTBEIoro adpoKocMuaeckoro yrusepcurera (Harponanpioro uccrieosa-
TenbeKoro yuusepcurera), 443001, Poccuiickast ®enepanus, r. Camapa, yia. Mosogorsapaeiickas, 151.
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Tak Kak mapaMerp f3 sBJIseTcss MaJibiM, To cucTeMa (1.1), (1.2) cuHryasipo BosMy-
miernasi. [locraBum tepes; coboil 3a7avuy MCCIEI0BATL JUNAMUKY HOBEIEINs] PEIIenii
B 3aBHCHMOCTH OT 3HAYEHUIT JIOTIOJTHATELHBIX TTapaMeTpoR JinddepeHInabHoll crucTe-
MbI. VICCACIOBAHKC TTPOBCJACM C MOMOIIBIO MCTOJIOB TCOPUHU CHHTYJISPHBIX BO3MYIIICHUIH
M YUCJIEHHbIMU METOJAMU.

2. HWccnegoBanue MeajIeHHON KPUBOM

Uceneonanme MOJEH 3TeKTPOXUNMIHEECKOTO DEAKTODA TAHIIeM C ATlaJ;m3a MeJlIerr-
HOIT KpWBOIT CHHTYIsIpHO BO3MyTenHoil cucrembl (1.1), (1.2). YpamHenne Me TeHHOI
KPUBOI CHCTCMBI OIPCACTACTCA u3 yciaosus g(u,0) =0 u mmMeer Bug

(ka2 + ko™ E)0 (21)
= . .

kqev?/2(1 —0)

ﬂﬂﬂ HCCJIe0OBaHUA yCTOIL/'ItH/IBOFO n HeyCTOfx’I‘{I/IBOI‘O Y9aCTKOB KpI/IBOﬁ HaI?'I,ELeM pas-
JIEJISIIONINE WX TOYKU — TaK [a3bLIBAEMbIe TOYKH CpLiBa Kpupoii (2.1).

KOOp,IT/IHaTLI TOYeK CPBIBa OITPEJIeJIsITOTCST CUCTEeMOI

g(u,0) =0,
dg(u.0) _ (2:2)
a6 — Y
B mamen ciydac OHa MMCCT BHJL
~0/2 - - —~0/2y aofEH —
ko 2u(1 — 0) — kqe 0 — kee 0 =0, (2.3)

kau(l — 0)2e79/2 — kue??/? — kge 79/ 4 kqe 79/207 — keeofE = 0.

CucreMa TpaHCIeH/IEHTHAsI, [IO9TOMY 3HarieHue § B OOIIeM cJIytlae HalTH HeBO3MOK-
HO, HO IPU KOHKPCTHBIX 3HAUCHUAX IIapaMCTPOB T4 CUCTCMa PCIIACTCHA YUCJICHHO.

Tax>ke onpemeauM y4acTKHA YCTONYNBOCTH MejIeHHOH KpuBoil. HamoMHmM, y4acTok
MeJIEHHOII KpPUBOI ABJIAE€TCS yCTONYUBLIM, €CJd

—agg;’ ) = kacwm(uv/? —uyh/2 —u) + kdcﬂo/Q('yG/Q -1 <o,
U HEYCTONYUBBIM, €CJIn

dg(u,0) 9/2 —~0/2

0 = ko€ = (uy/2 — uy0/2 — u) + kge” 775 (v0/2 — 1) > 0.

Bua rpadura MeqIeHHON KpPHUBOIl M3MEHsieTCd B 3aBHCUMOCTH OT IapameTrpa <.
B 3aBucrMOCTH OT COOTIIONIEIUS TAPAMETPOB OLLIO IOJLYYEI0, ITO BO3MOXKIILI TPHU
caydad.

B ciyuac korma v < 4, Touck mepceruba HCT, MPOM3BOIHASI B JIIOOOH TOYKC MCI-
JICHHON KPHBOIl OTpHIIATE]bHA, T. €. MEIJIEHHas KPUBasl IIOJHOCTHIO ycToiiumBa. Bce
rTpaekropuu crucrembl (1.1), (1.2) mpurdruBaloTcs K MeJJIeHHONW KPUBOH CO CKOPOCTHIO
OLICTPOIl MEePEMEIIIION U 1ajiee CJIEIYIOT BIOJL IIe€ CO CKOPOCTLIO MEJJIEIION IIepeMer-
Hoii. Buj meureHHON KpuBOiI npejcTaBieH Ha puc. 1.

Coayuaii, korna vy & 4, aHAJOIMYCH MPCABLIYIICMY, 33 HCKJIIOUCHUCM TOI'O, YTO MCII-
JIHHAad KPHBad MMEET TOUKY Iiepernda, KOTopasd He BJIMAET Ha 3HAK IIPOM3BOJIHOIA.

B cnyuae ke, Korma v > 4, Me/UIeHHasl KpUBas HPUHUMACT S-00pasHyio (GopMy U
y Ilee eCThL JBe TOYKH CPLIBa. MOXKIIO CIEJaTh BLIBOX O TOM, YTO HpHU Y > 4 TOYKH
CpbIBa JIeJISIT MeJIJIeHHOe MHOroo0pasue Ha TPHW YacTH, KOTODPBIE SIBJISITIOTCST HYJIE€BBIMI
MPUOJIIKEHUSINT COOTBETCTBYIOMNX UHTEIPAJBHBIX MHOIN000pa3uii: BOJIU3N yCTONIMBOIM
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BeTBU F) CYyIeCTBYET YCTONYMBOE MEJJICHHOE HHTErpajibHOe MHOrooOpasue My, BOIMsH
neycroituunoii sersu Fh — I1eycTORYIMBOE MEJJIEIIoe HIITerpasnioe Mioroodbpasue Ma,
1 BOJM3N yCTOHINBOIT BeTBN F3 CYIECTBYeT yeToiunBoe Me/[lleHHOe HHTerpaibHOe MHO-
roobpasuc Ms. Tpackropun cucrensr (1.1), (1.2), BBIIYIICHHBIC U3 HAYAIBHON TOUK,
JexKallel B obJIacTu BJAMAHUA YCTOM'MUBOIO yuacTKa MeyleHHON upamoil Fy wiu Fi,
OyIyT TPUTSTHBATHCST K HUM CO CKOPOCTBIO OBICTPOH MepeMeHHOH Mopsiaka O(%) npu
B — 0 u janee ciaemnoBaTh BIOJb HAX CO CKOPOCTHIO MEIJEHHON MEPEMEHHOH, TO eCTh
co cxopoctbio nopsyika O(1) mpu S — 0. JofijlyT Jn OHW JI0 TOYKHW CpBIBA U COPBYT-
Csl JIM € MEJUIEHHOIO HHTErPAJBLHOrO MHOrooGpasusi, GyneT 3aBHCETh OT TOrO, KaKHe
ocobbie 1ouku uneer cucrema (1.1), (1.2), rue OHU PACLIOJIOKEHDBL, U ABJIAIOTCH JIU
YCTOWYIMBBIMU WJIM HCYCTOHYMBBIMU.

Puc. 1. I'pachuku mMereHHOE KPUBO B 3aBUCHUMOCTH OT ITapamMerpa 7y

3. Kpurnyeckue gBjieHUsI B MOJIEJIA

L1l KaYeCcTBEHHOIO WMCCJIEIOBAHUS [TOBEJICHHS CUCTEMbI ObLIN MCCJIEI0BAHBI 0COOBIE
roukn. CranuoHapHble coctosiaus (0%, u*) HalieM W3 CUCTEMBI ypaBHEHU

g(u.0) =0,
F(0,8) =0, 31
koropas st cucrembt (1.1), (1.2) umeer Buy
—kae?2u(1 — 0) + kge 920+ 1 —u =0, (3.2)
ko ?u(1 — 0) — kge=79/20 — ke TF = 0. ‘
CranmoHapHoe COCTOSTHUE WMeeT KOOD/IHHATHI
Al 07,1 — ke o™ |,
rae 0* — pelreHue ypaBHEHUS:
ko€ ?2(1 — koe®TER) (1 — 0) — kqe 920 — ke ' = 0. (3.3)

B zaBucumocT 0T COOTHOIIEHUS [HAPAMETPOB MEHAIOTCA IOJIOXKEHNE OCODO0M TOYKHU
Ha MeJJIeHHO# KpuBoil u ee Tui. [Ipu  MeHblte wian paBHOil 4 TUl 0c00O TOYKH —
yerodunBnlit y3esa. IIpu v Gousbire 4, Tum ocoboit Toukm — ycroiumsniii ¢okyc. Pac-
CMOTPUM 3TOT cjiydail Gosiee TopobHO. Paz0BbBIil TOPTPET CUCTEMBI M300paskeH Ha
puc. 2. Ilpu usMeHeHUN YIIPABJIAIONIErO TapaMerpa k. TOYKA MEHSIET CBOE IIOJIOXKEHIHE,
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CJIMBAETCS ¢ TOYKOM CPBIBa M CTAHOBUTCSI HEYCTOWIMBON. B ciiydae Korma ocobas TOYKa
1IaXOUTCA 118 II€YCTOMYMBON YacT! MeJIEIIOi KPUBO M yiaJeria OT TOYEeK CPLIBa I1a
3HAYNTEIbHOE PACCTOSTHIE, B CHCTeMe HabJIIoJAalOTCsT peJIaKCAIlnOHHbIe KoJIeDaHnsT, KaK
nokazano Ha puc. 3. Ciyd4ail, Korga ocobast TOUKa COBIAIACT C TOYKON CPBIBA, IIPCI-
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Puc. 2. @azosbiii noprper cucrembl. Ocobasi 10UKa — ycroiumBblil HOKYC
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Puc. 3. @azopuiit moprper cucTteMnl. PelakCaIuoninii MK

cTaBJIsieTcsT Hanbojiee MHTEPECHBIM. [Ipr HesHaYNTEeTbHBIX U3MEHEHUsIX YIPABJISTIONIEro
rmapamerpa 0cobas TOYKa IEPEMEINAeTCsi ¢ YCTOWYHMBONH YacTH MEJIJIEHHOI KPHUBOH Ha
€e HeyCTOH'IMBYIO 'aClb, OCIaBadChb B MaJoll OKpecrHOCTH TO'UKU cpbiBa. Ocobast 10'-
K& CTAHOBUTCS HCYCTOMYUBBIM (DOKYCOM, U OT HCC OTICIISICTCS SaMKHYTasi TPACKTOPUSI.
Takoe sBieHme HazbiBaeTca Ooudypkaimeil Aunponosa-Xomda [2]. Crauana sra orme-
JINBIIASICS TPAEKTOPHUS MPAKTUYECKH COBIAIAET C Tellepb yXKe HeyCTONImBOi 0coboil
TOYKOIL, 110 TI0 MEPE TOT0, KAK MDLI OYJIEM U3MEIISITL 3IIaUelle YIIPABJISIONIEr0 apaMer-
pa, aMIUTUTY/Ia [ePUOINIecKOro peleHusl (IIPeJIeIbHOro IUKIIa) OyJer pacTH ([mporop-
[IOHAJIBHO KBAJAPATHOMY KOPHIO OT IMPUPAIICHUS IIAPAMCTPA). DTOT IPCACTbHBIN [IIKJI
yCTONYIUB, W, 3HAYUT, APYyIHe TPAEKTOPUU CHCTEMbI OYIYT CTPEMUTbCA K HEMY IIPU Bpe-
MeHHU t, cTpeMsIeMcsi K OeCKOHEIHOCTH. DTH TPACKTOPUU WMEIOT YCTOWYUBO-HEYCTOl-
YUBLIE YYACTKHA MEJJIEIIIONO JIBUKEINS, T. €. OIN SIBJISIIOTCS JIOKAJILIILIMUA TPACKTOPH-
samMu-yTKamMu. CaM yCTOWYNBBINH TTPEJIeTBbHBIN TIMKJT TakyKe STRJISIeTCsT TPAaeKTOPHEii-yTKOi
(nuk/-yTKa). Da3oBble IOPTPETHI CUCTEMBI IPEICTABICHL Ha puc. 4 u puc. 3.
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Puc. 4. @aszosblii moprper cucrembl. Budypkarus AxaporoBa-Xorda
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Puc. 5. @azowiit noprper cucreMbl. TpaekTopusi-yTKa,

B skcrcpuMcHTaX Ipu 3HAUCHESAX MApPaMCTPa, OMU3KUX K OHQYPKAIMOHHOMY, BO3-
HUKAIOIEe IIEPUOIUIECKOE PEIIeHUEe MAJIO OTJIIMYAETCA OT CTAIMOHAPHOIO PEITeHUd, [10-
CKOJIBKY €r0 aMILIATYda MaJla U MOYKET TePAThCA B 9KCIIEpUMEHTaJ bHOM IryMe. Oi-
[1AKO TP JOCTUKEIIAN IIAPAMETPOM yTOYIIOro 3IIAYelIns CUTYAIINs PE3KO MEIISeTCs:
He3HAYNTE/bHOe M3MeHeHe 3HAUYeHUil mapaMeTpa MPUBOJINT K TaK Ha3bIBAEMOMY yTOY-
HOMY B3DBIBY, KOI'JIa aMILINTYIa KOHIIEHTPAIIMOHHBIX KOJIEOAHUI ITPAKTHIECK MIHOBEH-
HO LIPUHUMAET JOCTATOUHO OOJIbLIME 3HAUEHMSI. DTO O3HAUAET, IT0 UMEHHO ’yTo'HOe”’
BHAYEHNE [apaMerpa MOXKeT PACCMATPUBATLCS KAK IPAHUIE, OE30MIACHOTO IIPOTEKAHMUS
upomecca [3].

SakJIovueHne

B nmacrosimieit pabore mccienoBagach MaTEMATHYECKAS MOJIEIb YJIEKTPOXNMUIECKOTO
peakTopa. MaTemaTwdyeckasi MOJEIb MPEICTABIAET CODON CUHIYJIAPHO BO3MYIIEHHYIO
cucreMy OOBLIKIIOBENNLIX AuMEPEIUaIbILIX yPABIIEnid, IPAaBLle YacTu KOTOPLIX CO-
JIEPXKAT JIOMOJIHUTEIbHBIE TapaMeTphl. AIapaToM TeOPUN CUHIYIAPHBIX BO3MYINEHUT
7 YUCJCHHBIMH MCTOJAMU U3YYCHA JUHAMUKA PCHICHUI CUCTCMBI B 3aBUCUMOCTH OT 3Ha-
YeHUN ITUX [1apaMeTPOB, BBIJIEJIEHBI OCHOBHBIE M KPUTUYECKHUI DEXKMMbI XUMHUYIECKOI
peaknyu. [loydeHbl yCIOBHUs, MIPU KOTOPBIX B PACCMaTPUBAECMO CHCTeMe HalJIIOIaeT-
cs1 oudypkarmsa Anaponosa-Xomda. ITokazano, 4ro B mporecce SBOJIONUHN TTPEIEIT-
HBIIT TIUKJT CTAHOBUTCST TPAEKTOPHUEii-yTKOM. YCTAHOBJIEHO, UTO KPUTUYECKNH DEXXKUM B
paccraTpuBaeMoll cucTeMe MOJIEINDPYEeTCs TPAeKTOPHeH-yTKOMH.
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PeSyJIBT‘cLTLI AHAJIUTUIECCKOI'O U YUCJICHHOI'O pelHIeHns MOJeJI XOPOIIO COIVIaACYIOTCA.
PeSyJILTaTI)I, IIOJIYY€EIIIILIC B pa60Te, HMEIOT IIPaKTHUYCCKOE 3IIadelime, TakKk KaK MOTL'YT
OBITH WCITOJIL30BAHBI JIIsT  ompeJies/ieHusT JIMHaMUKN ITpoliecca B XUMHYECKOl cucTeMe
Ipn 3aJaHHBIX HAYaJIbHBIX YCJIOBHAX. HaﬁﬂCHHbIC KPHUTHYCCKHUC YCJIOBUA IIO3BOJIAIOT
obecleuuTb Oe3011aCHOCTD HporeKanugd MOJEJUPYeMOol1'0 lIpolecca.
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STUDY OF CRITICAL PHENOMENA IN THE MODEL
OF ELECTROCHEMICAL REACTOR
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The model of an electrochemical reactor by method of singular perturbations
and numerical methods is studied. The behavior of solutions of system depending
on values of parameters is studied, possibility of bifurcation of Andronov — Hopf
and the phenomenon of “canard explosion” is considered.
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bifurcation, phase portrait, canards curves.
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