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OIIEPATOPHBIN METO/, NCCJIEJOBAHNA MAJIBIX
ABTOKOJIEBAHIU B CIICTEMAX
C IIOCJIEAENCTBUEM
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B pabote mpejaraeTcst omepaToOpHBIT METO JJIsi UccaenoBanust 3hdeKTa Bo3-
HUKHOBCHMSI MAaJIbIX aBTOKOJICOAHUII B cucTeMax ¢ mocieieiicreueM. Meron mpu-
BOJAUT K HOBBIM JOCTATOYHBIM Mpu3HakaMm Oudypkanuu AHIpoHOBa — Xomda,
a TakKe IO3BOJILACT IMOJIYYUTh HPUOINKEHHBIC (DOPMYJIbI JIJIsi BO3HUKAIOIIUX De-
mennit. B KadecTBe MPUJIOXKEHUsT PACCMOTPEHA 3ajadva O TodKaxX Omdbypkarun
ypaBHeHHa XaTduHCOHa — Paiira.

Kiiouesbie cioBa: GudypKanus, JUHAMHICCKHC CHCTEMBI, CHCTEMbBI C 3aIla3JIbl-
BaHMUEM, OIIEPATOPHBIE yPABHEHUsI, (DYHKIMOHAIU3ALUSA APAMETPA, ACUMIITOTUIECKUE
dopMyJIbL.

1. IlocranoBka 3ajadun

Muorme TeopeTnyecKkne M MPAKTUIECKHE 3349l TMPUBOJIAT K T PePeHITNATBEHBIM
YPaABHCHUSAM C IIOCJCACHCTBUEM, B KOTOPBIX 3alla3/IbIBAHUSA 3aBUCAT OT HCKOTOPBIX IIa-
pamerpoB. B Hacrosmicii crarbe paccMaTpuBacTCA (PyHKIMOHAILHO-Tu(dOEPEHITNAIb-
HOE ypaBHEHHe

(0)

r(0)
= / d;Q(r,0)x(t — 1) + / d:R(1,0)® [0, z(t — 7)] +

0

dz(t)
dt

+U [0, x(t), z(t —v1(0)), ..., x(t — v (9))], (1.1)

B KOTOPOM 3HAYCHUE ' 3ABUCUT OT CKaJgpHoro napamerpa 6. 3uecsh 1(6) 1mosoxureib-
Hast, HeupepbiBHO auddepennupyemas dbyukuug, 0 € [a,b], © € RN, 0 < v;(0) < r(0),
v;(#) — monoxurenpuas Henpepuisio auddepennupyemas yukuusg, j = 1,..,m.
Q(t,0), R(t,0) —xBagparubie N X N MaTPHILI, 3JEMEHTHI KOTOPLIX IIPH KaXKJIOM 0
ABJIAIOTCA (DYHKIUSIME OFPAHNYEHHONH Bapualud II0 ¢t Ha JIOOOM KOHETIHOM IIPOMeE-
Kyrke [a, 8] u upu kaxkuom t HeupepbisHO juddepennupyembr 1o 6. Ilycrs y =
= (Y1,Y2, s Ym—+1); Upeamosaraercs, 4ro Bekrop-pyukuuu P (0,z) u V(0,y) wmeupe-
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peiBHO JauddepeHInPyeMbl 110 COBOKYIIHOCTH IICPCMCHHBIX W PAaBHOMEPHO 110 6 yIo-
BJIETBOPSIOT YCJIOBUSIM

[ @@.2) =0« l?), 2 l=0, [ ®@y l=0yl*).lyl-o

3nech u BCiOAy HIKe 4epe3 || - || obo3HavaeTcst eBKJIMIOBA HOPMa BEKTOPOB B IIPO-
crparcteax RY mmm R™TY; marerpanst B (1.1) monmvatoress B embicyie Jle6era — CTu-
rbeca. K ypasaenusim Bugia (1.1) MOryT ObITh CBEJIEHBI MHOIME LIPEIACTABJILAIONING HH-
Tepec ypaBHeHHsl ¢ ITocienelictBueM (cMm., Hampumep, [1-4]).

Cucrema (1.1) umeer pemenve x(t) =0 upu Bcex 3HaYeHUAX 6.

Besencrene msmenennsi mapamerpa 6 y ypasuenus (1.1) MOryT BO3HMKATH OTJINY-
HBIE OT HYJIEBOT'O HECTAIlMOHAPHBIE TIEPUOJINYECKIe DEITIeHNsI, NMeIoNe MaJIyio aMILIH-
Tymy. B mMaremaTutieckoit mocTaHOBKE TaKOMY SBJICHUIO OTBevaeT Oudypkarus AHiIpo-
Hosa — Xouda [2]. Takag budypkaiuus XOpoIIo U3ydeHa JIjid CUCTCM, B KOTOPbIX 3a11a3-
IpIBaHUEe (DUKCHPOBAHHO, a MapaMeTpPhl BXOAAT B KOIMDDUIMEHTH! ypaBHeHus. MeHbIie
U3BECTHO DE3YJILTATOB JJIsi CUCTEM, KOIJIA [apaMeTPOM SIBJSeTCS 3HAYeHue 3ana3ibl-
BaHUS.

B macrosieit paboTe TpUBOJSITCS HOBBIE JOCTATOUHbIE TpU3HAKK Oudypkarmmmn AH-
ponosa — Xouda jig ypasHenus (1.1), mossosisiroiue nocrpoutsh npubsmKenHbie ¢hop-
MYJIBI JIJIsT BOSHUKAIONIUX DeIeHn.

2. Ilepexon Kk onmepaTOpHOMY YPaBHEHUIO

Hapsiy ¢ (1.1) GyjeM paccMarpuBaTh JIMHEHHOE ypaBHEHHe
(0)
= / d:Q(7,0)x(t — 1),
0
a TaKyKe COOTBETCTBYIONIMI €My XapaKTePUCTHYeCKHH KBa3UMHOTOYJICH

dz(t)
dt

7(0)
L(p,0) = det / d;Q(1,0)e™ " —pl
0

Pemenne z(t) = 0 HasbiBaroT runepboHIecKoii TOUKOl pasHoBecusi cucreMbl (1.1)
upu 6 = 0y, eciu kBazumuorowieHn L(p,fy) HE mMeeT YUCTO MHUMBIX Hyseil. B upo-
TUBHOM cjydae & = () Ha3BIBAIOT HETHIEePOOIUYIECKON TOYKON pPABHOBECHS.

[IycTp npu mekoropom 6 = 6 pertenne x = 0 sBJIsIETCS HETUTIEPOOIMIECKON TOIKON
pasHoBecust cuctembl (1.1). B srom ciyuae 3Hauenne 6y Ha3bIBAIOT TOUKON Gudypka-
mun ypaphenusi (1.1).

OCHOBHBIC CHATYAIIUU HETHIICPOOIUTHOCTH:

1°. semosneno pasencrso L(0,00) = 0, u muorodnen L(p,fp) He nmMeer Jpyrux 9ucTo
MHUMBIX KODHeI],

20, mpu HekoTOpPOM Wy > ( BBIIOJHEHO PABEHCTBO L(+iwg,8p) = 0, u MHOrOUJIeH
L(p,0p) ne mmMeer uucTOo MHUMBIX Kopmeii sBuma tkwgi, rme k= 0,2,3, ...

B macrosmieit pabote msyuaerca caydait 2°. s T > r(fp) onpenenum cemeitcTBo
MaTPHI

7(6)
ok
Vi(T,0) = s / exp (—%) d.Q(r,0), k=+1,+2,... (2.1)
0
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IIpocTbIM 1IOLCYETOM YCTAHAB/IUMBAETCs, UYTO BEPHA

JIemma 1. Yesosne 20 paBHOCHJIBHO TOMY, YTO, MaTPHIIA V1(To, 00) umeer mpocroe
cobersennoe 3uaticHue 1, a marpunst Vi (To,600), k = £2,43, ... He UMer0T COOGCTBEHHOTO
3HadcHUA 1.

PaccmaTpusaemsriil ciydait 2° npuBoauT k 6udypkanun AHapoHosa — Xomnda. 3Ha-
yeHue 6 = 0y HazbiBaloT TOUKON Gudypkauun Anjgponosa — Xouda cucrembr (1.1),
ecau cyuiecTByior 0, — 0 takwe, uro upu 6 = 6,, ypasuenue (1.1) umeer mecrarmo-
HAPHOE IEPUOJUIECKOE PEIICHUe Ty, (f), mpudeM 1n;;ax||:1:n(t)|| — 0 mpu n — oo.

OrmeTnn, 9TO yejioBue, yKasanHoe B ciydae 2° (wmm B mevme 1), eme He sBagercs
JIOCTATOYHBLIM Tpu3HakoM Oudypkammu Anmapornosa — Xomda. JlocraTodnbiM mpusHna-
kaMm Gudypkanun nocssien psj pabor (cM., manpumep, [2; 3]). B macrosimeii pabore
[IpeJIaracTcs UCIOIb30BATh OOIIUIT OIEPATOPHBIN METOJI, HCCJICIOBAHIS MHOTOIIAPAMCT-
puueckux Oudypkaiuii [5] 1103BOJILAIONIME YCTAHOBUTD J0CTATOYHbIC YCJIOBUA Oudyp-
karun AugpoHoBa — Xorida. YKa3aHHBI OMEPATOPHBIN METOJ TO3BOJISIET MOJydIUTh U
acuMnToTHIecKre (GOpMYyJIbl i OU(pYPIUPYIONIUX PEIIeHnH. YKaXKeM OCHOBHBIE ITa-
bl TPUMEHEHNsT ONepaTOPHOro METOJIA.

Ha nepBoMm stare ocymiecTsisiercss nepexosn or ypasHenus (1.1) K oneparopHOMY
YPaBHEHUIO:

u(t) = B(T,0)u(t) + b(u(t). T,0), (2.2)
o t [ r(0)
B(T,0)u(t) = u(1) + T d:Q(r,0)E () u(s) | ds.
u u O/ O/ (T) ul(s S
t [ r(0)
but), T,0) = T / / 4:Q(r.0)E () [0,u(s)] | dst
0 0
+T/\Il {O,U(s),E (%) u(s), ... B <19Tm) u(s)] ds;
3J1eCh

T u(s—F), 7 <s< 1l

E(T)u(s)— {u(s—%—l—l),()ésé%,
Oneparopot B(T,0) u b(u(t),T,6) neiicrBytor u HenpepsBHBI B 1pocrparcTse Ls(0, 1)
npu (ukcupoBaHHbIX 0§ u T.

Pasencrso u(t) = z(t-T) ycraHaBiIuBaeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEK-
ny T-nepuonudeckumu pemteHusivu x(t) ypasuenust (1.1) u pemenusivu u(t) ypasHe-
nug (2.2). Tlosromy 3amaua uccaenosanus T-nepuogndeckux pemenuii ypasuenust (1.1)
PaBHOCIIbHA 33J1a9€ O PEIIeHNsAX OIePATOPHOro ypaBHeHus (2.2).

Jlemma 2. Ecim sumosmeno yenoswe 2°, To omepatop B(To,00) : L2(0,1) —
L2(0,1) nmeer cobGeTBeHHOE 3HavYeHMe 1 KpaTHOCTH 2.

JokasbiBaercs jeMMa HeCJOXKHbIME Bbraucjenuamu. Orciona e(t) u g(t) — suneiino
uesaBucumble dbyukunu oneparopa B(Ty,0y), cooTBETCTBYIONME COOCTBEHHOMY 3Hade-
Hmo 1. Compsixkennsiit onepatop B*(Tp,0p) @ L2(0,1) — L2(0,1) Takxke mMeeT cob-
CTBEHHOE 3HaveHne 1 KPaTHOCTH 2, KOTOPOMY OTBEUAIOT coBCTBeHHBIE (MyHKIHH €*(t)
u g*(t). Oru PyHKIEKM MOXKHO BBIODATH HCXOAd M3 COOTHOIICHWH (e,e*) = (g,9%) # 0,
(e,g*) = (g,e*) = 0; 3mech (-,-) o3Hauaer ckajsgpHoe upoussejgenue B Lo(0, 1).
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Teopema 1. Ilycrs BbinosHeHo yeiosue 2° u coorTHOMICHHC
(By(To,00)e,e*) (B (To, 0p)e, e) 20, (2.3)

det *
(Bé(T()aaO)e?g*) (B%(T0790)67g )
Torna 3uadyenne g mapamerpa 6 siBisiercss Toukoil 6udypkannn AnaponoBa — Xomda

ypasaenust (1.1).
Buecv Bj u Bl —oneparopsr, noiydenusie IuddepeHIupoOBaHIeN OIepaTopa

B(8,T) no 8 u T COOTBETCTBEHHO.

3. Ilpumep: uccnemoBanme ypaBHeHUs] XATYWHCOHA —

Paiira
JIaHHBIH TYHKT HOCHT XapaKTep MPHJIOKEHNH MPUBEeIEHHOH BBIIIE CXeMbI K HCCTIe-
JOBAHUIO CJleflylommell MoAU(UKAIMNA ypaBHeHHsa XaTduHcoHa — PaiiTa
dx(t T
(t) :—ax(t—Q)[l—l—x(t)], 6>0, (3.1)

dt
urpaolee BaXKHYIO DOJIb B NPUJIOXKEHUAX, B YaCTHOCTH, IIPU MOJEJUPOBAHUU JUHA-

MHKH GHOJIOTMIECKUX TOIyJIarmit [4].
B paccmaTpmBaeMOM TpHUMeDe TMeeM

r(0)=40, Q0)= ng(t —0), rue H(t) — dyukuua Xepucaiiga ,
®(0,2) =0, Vz(t),z(t—v.1(0))]= fg:v(t)x(t —0).
B paccmarpusaemom mpumepe Mmarpuna (2.1) mpencraBisier coGof  CKAJSIPHYIO
dbyuknmio; Torna w3 JeMMbl 1 MOJTydaeM CHCTEMY
0o
(%T) d:H(t —b6p) =0,

b : 2 4
[ sin (37) deH(r — 60) = 4,

KoTOopasi umMeer pemrenue Og =1+ 4n, n >0, n—uenoe u 1Ty = 4.
st IpOBEPKM YKA3aHHOI'O B TeopeMe 1 JOCTATOYHOrO YCJIOBHS, a TAKXKe YUCJIEH-

Hnoro uccienoBanus budypkaiuu nepeiizem or (3.1) K onepaTopHOMY YPABHEHUIO BUIA

(2.2). Nmeem:
t 0
B(T, 9)u(t) = u(l) + T/ / (—g) E (%) u(s)d, H(r — 6) | ds,

b(u(t). T,0) = T/ (75

ITycrs 6p = 1 u Ty = 4. Torna nposepka cootHomieHust (2.3) UPUBOIUT K DABEHCTBY
1
s

det |: P = 3—2

T4 16
Takum o6pasoM, ycaoBust TeopeMbl 0 Oudypkamun AHAPOHOBa — XoImda BBIIOJ-
HCHBI, U, CJCIOBATEIBHO, YUCI0 Hy = 1 gaBisierca Touko#t Oudypkramum AHIPOHOBA —

Xonda ypasuenus (3.1).
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IIpumenenue cxembl u3 [5] UPUBOAUT K HPUOJIMAKCHHBIM ACUMIITOTHICCKUM (DOPMY-

JaM: . . )
-1 2(_ - = 3 T — 4 — 24 3
(e) +e (107r 10)+0(5), (e) € 5+0(5),

1 1
y(t,e) = ecos2nmt + &2 <5 cos4mt + 10 sin 47rt> +

1 1 4 3 3
+&3 [(a — 3) sin 27t — 7 cos 2nt + 10 8 6mt + 20 sin 67rt} +o(e?),
ryie € > 0— BcuoMoraTe/bHbIi MaJblil mapamerp. 3aech y(t) = x [t - T(e)].
Dt Gopmysasl ozHadatoT, uro npu O = f(e) ypasnenue (3.1) mmeeT mepmogmUEcKoe
pemicuue = x(t,€).
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OPERATOR METHOD FOR THE STUDY OF SMALL
OSCILLATIONS IN SYSTEMS WITH AFTEREFFECT

© 2013  M.G. Yumagulov? D.A. Yakshibaeva®

This paper proposes operator method for the study of effect of appearence of
small oscillations in systems with aftereffect.The method leads to new sufficient
features of Andronov — Hopf bifurkation and allows to obtain approximate
formulas for emerging decisions. As an application, we consider the problem
of bifurcation points of Hutchinson — Wright equation.

Key words: bifurcation, dynamic systems, time-delay systems, operator equations,
functionalization of parameter, asymptotic formulae.
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